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INTRODUCTION 



One of the main open questions in the theoretical understanding of Quantum Electrodynamics 
(QED) concerns the construction and the characterization of physical charged states. This issue 
is much more difficult, with respect to a standard Quantum Field Theory (QFT) , owing to the 
presence of a local Gauss law. The latter relates the total charge in a bounded region to the flux 
of electric field through the boundary of the region and by locality of observables can be shown to 
imply, within a quantum mechanical setting, the non locality of the electrically charged states 1 and 
the superselection of electric charge 2 . By the same token, it implies that the state space of QED 
contains uncountably many superselection sectors, labeled by the value of the electric flux in 
suitably chosen spacelike cones 3 ' 4 , non-invariant under Lorentz boosts 4-6 and with single-particle 
subspaces not containing proper eigenstates of the mass operator 4 . 

Besides being a fundamental issue in the understanding of the structural properties of (abelian) 
gauge theories, the identification of physical charged states is also necessary for the solution of the 
infrared problem, namely for the characterization of states of charged particles and of the quan- 
tized e.m. field at asymptotic times and for the definition of a scattering matrix. In particular, the 
question arises whether it is possible to formulate a collision theory in terms of an appropriate sub- 
set of charged states; in this respect, it is plausible that the discussion of the infrared problem may 
be made simpler by choosing the (charged) sectors with the best localization properties relative to 
the vacuum. 

Quite generally, whatever formulation one may employ, the construction of the charged sectors 
of QED always presents subtle features. Within the Haag-Kastler formulation 7 , based on nets 
of algebras of local observables, charged sectors should in principle be obtained acting on the 
vacuum sector with suitable morphisms of the observable algebra, by a generalization of the con- 
struction of Doplicher, Haag and Roberts 8 ; however, since the needed morphism cannot be local, 
by virtue of Gauss' constraint, such a generalization is difficult to be realized and has not yet been 
accomplished. 

Wightman's formulation of QFT 9 , although less economical from a conceptual point of view, 
is closer to the perturbative-theoretic framework and hence can also be used to investigate the 
mathematical structures at the basis of local gauge quantizations and to provide support to the 
perturbative methods. However, one has to face the problem that quantum gauge theories do not 
fit completely in such a formulation because of the presence of the Gauss law. 
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In fact, quantizations in "renormalizable" (local and covariant) gauges, based on unobservable 
fields, the Dirac field and the electromagnetic four-vector potential, necessarily yield an indefi- 
nite metric space 3f of local states, containing vectors with no physical (quantum-mechanical) 
interpretation^. An additional constraint is then imposed in order to select physical states, fol- 
lowing the Gupta-Bleuler ( GB ) formulation 11 , and one has to face the problem that states with 
non-zero electric charge cannot exist in . 

Quantization of electrodynamics in a gauge only involving physical degrees of freedom, as for 
instance the Coulomb gauge, imply on the other hand that the gauge fields cannot be neither local 
nor covariant and it is therefore difficult to set up a perturbative expansion and the renormalization 
procedure. 

In Reference 121 it was shown that a possible strategy to determine physical charged states in 
the GB formulation is to obtain them as weak limits of local states, with the help of auxiliary 
topologies, introduced on in order to obtain weakly complete spaces of local states. 

A different approach, pioneered by Dirac 13 and subsequently developed by Symanzik 14 , is 
based on the (perturbative) construction of Coulomb-type fields, which yield physical states when 
applied to the ground state. 

The main problem of this strategy is that in order to give a meaning to the formal exponent, a 
control of both ultraviolet and infrared problems is required. Such issues have been extensively 
discussed by Steinmann 15 , who proved the existence of physical charged fields for a large class of 
gauge-fixing functions within the framework of perturbation theory. 

The characterization of the properties of charged states was discussed in Ref. 16, partially 
relying on Steinmann's results; in this respect, it was proven that quantum effects imply non 
locality properties not expected from classical considerations, at least for the states obtained by 
applying suitably regularized exponentials to the vacuum. 

The use of specific physical fields yields electrically charged states whose connection with the 
local and covariant formulation of QED is rather indirect. As a matter of fact, it demands to em- 
ploy a non-trivial generalization of Feynman's rules in the calculation of transition amplitudes and 
thus to take into account a number of additional contributions, with respect to the Feynman-Dyson 
perturbative theory, whose relevance for the formulation of scattering and for the outcome of prac- 
tical computations is at present unclear. An example showing the non-triviality of this problem is 
Steinmann's evaluation of the second-order radiative corrections to the magnetic moment of the 
electron; the proof that the result agrees with the value from standard perturbation theory involves 



cancellations of a vast number of contributions^. 

The results of the most recent investigations thus motivate on the one hand the need for a better 
understanding of the local and covariant formulation of QED ; on the other hand, they lead to a 
problem of minimality both in the classification of the charged states and in the use of physical 
charged fields. 

In this paper we consider a hamiltonian (infrared) model in the Feynman-Gupta-Bleuler (FGB) 
gauge, based on an expansion of four-momenta whose relevance for the analysis of the infrared 
problem was first pointed out by Bloch and Nordsieck— . 

In a previous work—, this model, which will be henceforth referred to as BN model, has 
been shown to allow to fully retrieve the results of the diagrammatic treatment of the infrared 
contributions of QED , in terms of the expansion of Moller operators obtained with the aid of an 
infrared cutoff, a mass renormalization and an adiabatic switching of the interaction. 

The present paper is devoted to the study of the space-time properties of the BN model which 
can be inferred from the solution of the Heisenberg equations and to the construction and the 
characterization of (a class of) physical charged states 20 . 

First, we show that the GNS theorem over suitable product functionals u G , corresponding 
to vectors of the indefinite-metric Gupta-Bleuler space of the model, yields positive subspaces, a 
fact that will be important for the subsequent identification of physical charged states. Secondly, 
we establish the existence of Haag-Ruelle asymptotic limits for the four- vector potential. We find 
then that the Fock property, established 21 for the representations of asymptotic algebras corre- 
sponding to massless bosons and associated to certain regions of Minkowsky space, in models of 
field theories in which locality and positivity are satisfied, is also enjoyed by the representations of 
the photon asymptotic algebras associated to the same regions and induced by to q , which fulfill 
locality but not positivity. 

Concerning the construction of electrically charged states, two possible procedures will be 
outlined, both based on the realization of the Gauss law constraint via an automorphism of the 
observable algebra. The first procedure closely follows the strategy employed in classical elec- 
trodynamics and is based upon the existence of a solution of the free wave equation with support 
causally disjoint from that of the charge density; the second one is based on the introduction of a 
(suitably regularized) Dirac-type factor, constructed with the aid of the asymptotic electromagnetic 
fields. 

As we shall see, since the requirement of a non-zero electric charge does not fix the automor- 
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phism uniquely, we obtain physical charged states with different large-distance behaviour, indexed 
by a superselected parameter related to the corresponding Lienard-Wiechert (L W) potentials. 

Moreover, we show that such states define a charge class (a concept introduced by Buchholz 
in Ref. O within the algebraic setting), uniquely associated to the GB formulation. We also de- 
termine the properties of the representations of the asymptotic e.m. field algebras associated to 
suitably chosen lightcones and prove that the states of the GB charge class fulfill a notion of min- 
imality, in the sense that they "only contain the photons associated to the asymptotic momentum 
of the particle". 

The plan of the manuscript is as follows. 

In the first Section we establish notations, introduce the model and evaluate the solutions of the 
Heisenberg equations for the four-vector potential and the corresponding asymptotic e.m. fields. 

In Section 2 we examine the localization properties of the expectations of product functionals 
over the four- vector potential and the asymptotic e.m. fields. 

Section 3 is devoted to the construction and to the analysis of the properties of physical charged 
states with Lienard-Wiechert space-like asymptotics. First, we outline the Gupta-Bleuler strategy 
for the determination of solutions of Maxwell's equations in classical electrodynamics and a dis- 
cuss a semiclassical argument concerning the classification of charged states. Afterwards, physical 
states are identified and their space-time features are investigated. We conclude the Section with a 
discussion regarding questions left open by our treatment, concerning the description of particles 
carrying an electric charge at asymptotic times and the vacuum-polarization effects. 

1. NOTATIONS AND MAIN FEATURES OF THE MODEL 

In this paper we will make use of the following notations. 

The metric g^ u = diag (1, — 1, — 1, — 1) of Minkowski space is adopted and natural units 
are used ( h = c = 1 ) . A four- vector is indicated with v ^ or simply with v , while the symbol 
v denotes a three-vector; when confusion may arise, the notation v_ will be employed. We use 
the symbol c ■ d for the indefinite inner product between four- vectors c and d . 

The symbol A t stands for the hermitian conjugate of an operator A , defined on an indefinite- 
metric space, with respect to the indefinite inner product (.,.). 

The commutator between two operators will be indicated by [.,.]. We denote by a M ( k ) and 
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a^ 1 " (k) respectively the annihilation and creation operator- valued distributions in the FGB 
gauge, fulfilling the OCR 

[a"(k), a^(k')] = -gH" S(k-k'). 

In the same gauge, the Hamiltonian of the free e.m. field is 

H* m - = - J d 3 k |k| a M (k) a M (k) 

and the four-vector potential and the e.m. field tensor at time t = are respectively 

A"(x) = y y=J=j [ aM ( k ) e ik - x + a^ f (k) e- lkx ], 

F^(x)ee <9 M A"(x)- d^A^x). 

The symbols ^ f ■, ^ f i 71 f W1 U be used respectively for the no-particle vector of & , the Fock 
vacuum functional and the Fock representation. The convolution with a form factor p is indicated 
by 

A"(p,x) = | rf 3 e PU) A"(x-0 

and for brevity we write 

a (/(f)) = | d 3 k a"(k) / M (k,0- 

^ ( M 3 ) will stand for the Schwartz space of C 00 functions of rapid decrease on R 3 , ^ ( IR 3 ) 
for the space of C 00 functions of compact support. Furthermore, we denote by £/ obs the 
observable algebra of the model and use the symbol srf e m - for the subalgebra generated by 

F^(x, t). 

The support of the convolution of p with a given charged-particle wave function is denoted by 
O and its causal complement by O'. The symbol + will stand for the region of Minkowski 
space formed by the points which have positive time-like distance from all the points of O ; such 
a region will be referred to as the future tangent of O , the past tangent O _ being defined like- 
wise, with obvious replacements. The algebra of observables associated to a given region ^ of 
Minkowski space is denoted by srf ( ^ ) . 

The system that we shall consider consists of a single charged non-relativistic quantum particle 
coupled to the quantum electromagnetic field and its dynamics is governed by the Hamiltonian 

H^= p v +HS m ■ + evA(p,x) ee H< v) + , (1) 
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with v = (1, v) and p £ y^K 3 ) a rotationally invariant distribution of charge, serving as 
ultraviolet cutoff. 

The Heisenberg equations governing the dynamics of the algebra of the four-vector potential of 
the BN model are 

□ A"(x, = j£(x, t), (2) 
where j ^ is the conserved charge-current density given by 

jj(x, t) = e (6(-t) p(|x-y-v t\) + 9 (t) v '» p ( | x - y - v ' t \ ) ) . (3) 

v is a triple of self-adjoint operators in a Hilbert space, to be identified as the observable corre- 
sponding to the asymptotic velocity of the particle. They commute with the Weyl algebra stf ' ch 
generated by the canonical variables of the electron and with the polynomial algebras generated, 
in the Coulomb and Feynman gauge respectively, by the photon canonical variables. In the fol- 
lowing, it will not be necessary to specify the detailed form of the interaction which changes the 
value of the v - operators. 

By taking the Fourier- transform, we can write down and easily solve ©, © in energy- 
momentum space. The equation of motion for the annihilation operator- valued distribution is 

i i£^ = | k | a . (k , _i^O, (4) 

at a/ 2 | k | 



with 



j£(\c,t) = e p(k) (9(t) e- 1 k - [y + v t} + 6 (-t) v 



l P ^-*k-(y + v't)_|_ ft ( _ + \ V g-ik-(y + vt) 



Since equation © is linear and non homogeneous, its solution can be written as the sum of the 
general solution of the free equation and of a solution of the non-homogeneous equation. For 
positive times, 

a"(k,0= e ~ i|k|t [^(k,t =0)+ e ^ 2| /? k ( | k) 6lV ' v !\~ l e-^^] 

= a£(k, t) + /^(k, t;y). (5) 

In order to obtain the solution for t < , it suffices to replace the final value of the four- velocity 
operator by the initial one. In the sequel, for definiteness we shall state the results for positive 
times. The space-time dependence of the four- vector potential can be computed by means of 
Fourier transformation, employing ©; one has 

A"(x,t) = A(f(x, t)+ eF£(x,t;y), (6) 



where A ft satisfies □ A ft ( x , t ) = and the CCi2 

[Aft(x, o, iij (x', 01 = -ig 11 " *(x- x'), (V) 

and F M is the (operator-valued) function 

^(x,t;y) = 77T~TT72 / rf3fc e ' k ' X F v ^(k,t;y), 



(2?r) 3 /2 



i^,(k, t;y) = -f=Uf [ /^(k, *;y) + (-k, t;y. 



(8) 



where has been defined in ©. 

The expression of F^, for v ' = is denoted by F£ and is calculated below. One has 

^ (x,t;y)= ^^y^ / d 3 fc e < k -<-*> p(k) 1 - ^j k| 1 6">. (9) 

In order to determine the localization of the support of ©, we note that the definition of the 
characteristic function x i °f the interval I of the real line, 

1 /' • X , , sin ^ 



,*] U) = — / ^ e" ,tv — r~ , x > 0, (10) 



implies the equality 



1 f d s k e , k .x l-cos|k|t = X, ,< m ^ (n) 



1 - 


cos 


k 






k 


2 



(2tt) 3 / 2 J |k| 2 V 2 

Therefore © can be cast in the form 

(x, t;y) = J d 3 z p ( | x - y - z | ) x |z| < |t| • (12) 

The result for a non-vanishing value v' of the v - operator could be obtained at once by the 
Lorentz covariance of the Gupta-Bleuler formulation, were it not for the fact that a non-covariant 
ultraviolet cutoff has been employed in the model. By introducing a Dirac delta, one can write the 
right-hand side (r.h.s.) of (fT2l) as an integral over a volume element in Minkowski space; a change 
of integration variables in the resulting expression, performed by means of a boost corresponding 
to the four-velocity v ', then yields 

F£(x, t- y) = J d A z p (|x - y - A v ,z \) 5 ((A„, z) ) 



(13) 



47T [ ( V ' ■ Z) 2 - V 12 Z 2 } !/ 2 
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Apart from the convolution with the p function and from the presence of the Dirac delta, which 
accounts for the non covariance of the high-energy cutoff, the above expression equals the Lienard- 
Wiechert potential generated by a charge moving with a constant velocity v ' ; for negative times, 
the retarded potential is replaced by the advanced one. 

We can now define and evaluate the asymptotic e.m. fields. Given a solution g of the free wave 
equation, such that g (x , t) E 5? ( M 3 ) V t , we define 

A»{g)(x ,t) = J d 3 x J(x, x ) < ^~ > A» (x, x + t) (14) 

and the corresponding smearing of the (operator- valued) function, which appears in the solution 
©, 

F£(g) {x , t ; y) = J d 3 x g {x, x ) F% (x, x Q + t ; y ) , (15) 

where / d x g = / d Xq g — (d x f) g . We give the calculation for v = and for the out - 
field, and write for brevity F Vq = F = . Equations (fT2l) . (PT5l) . the properties of the test function 
and the Riemann-Lebesgue lemma lead to the existence of the limit (in the strong topology of 
multiplication operators) 

F™*(g)(t;y) = lim F (g) (x , t ; y) = - / d*k e'^* 

~ /i \ r — ti \ cos I k I ( x o + * ) i i 
x p(k) [ g (k, x Q ) d X[] 



k 



= J d 3 x [ g (x, x ) 'd x \ G Vq (x, x + t ; y] 



with 

X | z | > \ t \ 



G v ( x > *; y) = -J d 3 zp(\x-y-z\ 
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(16) 



(17) 



It thus follows the existence of the out - field 

^out(g)(t)= lim A» (g) (x , t) = / d 3 x [ g (x, x ) 

x *d? ^L(x, x + t)]L =o > (18) 
(x, t) = A% ee (x, t) + G^(x, t;y), (19) 
with = G v 5 "° . 

" 

We shall denote by & as the algebra of the electromagnetic observables constructed in terms 
of the asymptotic vector-potential A as , as = in, out . 



2. SPACE-TIME PROPERTIES OF THE LOCAL FORMULATION 



The aim of this Section is to give an algebraic formulation to the relativistically covariant 
dynamics given by eqs.©, © and to analyze the space-time properties of the expectations of 
product functionals, corresponding to vectors of the Gupta-Bleuler space of the model. 

We recall that in the FGB gauge an observable is defined as a local function of the gauge 
fields which is left pointwise invariant by the residual symmetry group of the theory, the so-called 
gauge transformations of the second kind 14 . Equivalently, it can be identified by the condition that 
it commutes with the generator of such transformations, the d ■ A field, which is an observable in 
the above sense. In the sequel, it will be also denoted by B . 

In the subsequent analysis it will be useful to consider the free electromagnetic algebras F and 
£/£- m - generated respectively by Ag(x, t) and Fg v (x, t) = ( 0" A%-d v A%) (x, t) , 
which is left invariant by the gauge transformations of the second kind of the non-interacting theory 
and thus commutes with their generator B = d ■ A . 
The elements of ^ e m - thus fulfill 

8^ F ^(x, = -9"5 (x ) t) ) n5 (x, t) = 0, 

W S ' ^(x, t) = 0, [Fr(x),B (x')] = 0, (20) 

and the equal time canonical commutation relations induced by ©. Moreover, owing to ©, the 
generators of the restricted gauge transformations for stf e - m - and srf e ' m ' are related by 

B (x, t) = S (x, t) + e (d ■ F)(x, t ; y) ■ (21) 
For t > we also get the relation 

F^(x,0 = F ^(x,t) + J ff^(x,t;y), 

(22) 

H v ^(x,t;y) = {d"FZ.-d v F$,){*,t;y). 

It is useful to recall that within the perturbative-theoretic treatment of QED in a local and 
covariant gauge the vacuum representation is required to be positive on the observables, as in a 
quantum field theory with positive-definite Wightman correlation functions. The outcome is an 
expansion around a non-interacting theory (in terms of renormalized parameters) and the vacuum 
representation is characterized by the choice of the Fock representation for the free four-vector 
potential. 
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Accordingly, in the model we shall assume a Fock representation for A q . For a given single 
particle state u ch , we consider the product functional 

w G = ^ ch® U F , (23) 

acting on the algebras £/ ch and T . 

The space obtained via the GNS construction on cu G is 

<S = L 2 (y;v) <g> ® , (24) 

with L 2 the one-particle Hilbert space and Qi the indefinite-metric Fock space obtained by ap- 
plying polynomials of the free four- vector potential to the Fock vacuum. 
Positivity of to p on ^/ e m implies that any vector belonging to the subspace of Sf given by 

K = L 2 (y; u) ® ^/ e ' m - ^ F (25) 

also defines a positive functional on ^/q-™ 1 - . 

Moreover, /C is a space of physical states for ^/ e m - , since 

0" F ( ;^(x, t)* F = (26) 

implies 

0" F ( ;^(x, t) = 0, V0 G /C, (27) 
and by the positivity of /C one also has 

d» F 0ilxu (x, = (28) 

in K. 

It is important to stress that the functionals uo q are positive on £^ obs , due to the fact that they 
are product functionals and to the explicit expression of the electromagnetic observables, given by 
(1221) . Of course, /C is not a space of physical states for srf , because the time evolution of the 
observable algebra does not obey the Maxwell equations; the deviation from Gauss' law is in fact 
given by 

LJ G (d ll F^{x)) = u ch {j;{x) - e d v {d ■ F)(x; y)). (29) 

The previous relation holds for an arbitrary charged particle state, due to the fact that the negative- 
frequency component of the representative of B acts as a multiplication on the L 2 space of states 
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of the charge; as a matter of fact, it follows from (1251) . (|2TT) that \f ip E L 2 

(x, t) (V(y) ® < e - m - = e (9 • (x, t; y) (V(y) ® ^ e ' m ' 

(30) 

The space-time localization of the support of the eigenvalue on the r.h.s. of eq. (|30l) will be relevant 
in the characterization of the physical charged states carried out in the next Section; hence it is 
convenient to evaluate its explicit expression. It follows from © that 

(<9.F)(-)(x,t;y)= J d 3 z p(|x-y-z|) A<->(z,t), (31) 

where A ( ~ ' (x) is related to the Pauli- Jordan distribution 

A(x,t) = -L e(t) 5(t 2 -x 2 ) (32) 

2 7T 

by A(x) = A(-) (x) - A(-) (-x) . 

Equations (1291) . (I3TT) imply that Gauss' law is fulfilled by the restriction of the functionals (1231) 
to the observables associated to + ; it follows that to G acts as a physical state on srf ( + ) , 
since it is positive on srf obs . 

We remark that the validity of the weak Gauss law for the restriction of Gupta-Bleuler func- 
tionals to a forward lightcone is a non-perturbative feature of QED in the FGB gauge 22 ; the 
positivity of such a restriction remains instead an independent issue. 

Concerning the space-like asymptotics in the charged (single-particle) sectors of the model, 
eqs.© and (TTSl imply, for a functional of the form (1231) . u G ( A ^ ( O ' ) ) = . By the space- 
time localization properties of the electromagnetic observables, given by eqs. (|22l) . (fTSl . we get 

u G (^ e - m - (<D'))= u F (^ e - m - {O')) . (33) 

We now turn to evaluate the expectations of the asymptotic radiation fields. One has 

w G (A^(x, 0) = w o (G£ (x, t;y)). (34) 

For v = , a Gupta-Bleuler product state thus yields expectations of A ^ ut in O ' which are 
equal in modulus to the Coulomb potential and have the opposite sign. The 1 / r behaviour of 
(fTTT) at space-like infinity is related to the fact that states with non-zero charge belonging to £f 
induce a non-Fock representation of the asymptotic vector potential; therefore, one can infer the 
occurrence of infinite photons at asymptotic times even for charged non-physical states. This result 
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agrees with those obtained on the basis of general hypotheses on the structure of local formulations 
of QED in Ref. b| as well as in Ref . [ij. 

Furthermore, to G ( A % ut ( x , t ) ) vanishes in + U 0_ since, as follows from equation (fT2l) . 
there exists a frame of reference in which the interacting field is static in such a region. Therefore, 
one has in particular the additional piece of information that the corresponding representation of 
the subalgebra of the asymptotic photon fields constructed with the aid of the outgoing four- vector 
potential in O + is Fock: 

ou G (^° ut (0 + )) = oo F (^° ut (0 + )). (35) 

The consequences of this result for the classification of physical charged states will be discussed 
in Section 3. 

For a non-vanishing v = v out , 

AL(x, t) = Aj^x, t) + GC ou( (x, t; y) , (36) 

G y t (x,t;y) = - / d'z p (| x -y- A, z\) 5 ((A z) ) 

out I out out 

fj, 

V out X z 2 < Q 

4VT [(V 0ut - Z)* -Vl ut ^]l/2 ■ ^ > 

Besides (|33T) . the localization of the support of cu G ( A ^ ut ( x , t ) ) also implies the Fock prop- 
erty for the representation of & out ( O _ ) , confirming results established by Buchholz 21 for mod- 
els of field theories with massless bosons and "standard" charges (not satisfying a Gauss-law type 
constraint). We recall in fact that for such models the representations of boson asymptotic al- 
gebras, associated to any region of Minkowski-space, either bounded or unbounded, admitting a 
non-trivial future tangent, have been proven to be Fock; the same property is also fulfilled in the 
BN model by representations of the photon asymptotic algebras associated to the same regions 
and induced by (product) functionals corresponding to vectors of £f , for which locality, but not 
positivity, holds. The Fock property of & out ( O + ) is instead an independent result of the model. 
Analogous statements apply to & m , with obvious changes. 

For completeness we outline an argument explaining why one expects Fock representations for 
the asymptotic field algebras relative to massless bosons and associated to appropriately chosen 
regions of Minkowski space. Let C be a space-time region with a non-trivial future tangent, % an 
irreducible positive-energy representation of the observable algebra and Jt? the associated GNS 
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space. By the Reeh-Schlieder theorem the vacuum is cyclic for the algebra srf (C,), hence the 
vectors \P = F Vt , with F G stf (C , ) and f2 the ground- state vector, form a dense set "V of 
the Hilbert space . 

On "V one has A^ = AFQ = FAQ, with A belonging to the center of tt ( & out ( C ) ) , 
since by Huyghens' principle and locality & out ( C ) is contained in ^ ' ( C + ) . The value taken 
by the elements of the center of n ( & out ( C ) ) in a factorial representation thus equal those of 
the vacuum representation of the same subalgebra and % (JF out ( C ) ) is quasi-equivalent to the 
Fock representation. 23 

3. CONSTRUCTION AND PROPERTIES OF LIENARD-WIECHERT PHYSICAL 
CHARGED STATES 

As a guide to the construction and of the classification of the charged physical states in the 
four-vector BN model, first we discuss the same problems in classical electrodynamics. 

The electromagnetic fields generated by a charge-current distribution obey Maxwell's equations 

«9 M F" v = j u , d» F; u = , (38) 

which can be expressed in terms of the vector potential: 

f" = d» A v - d v A» , 

(39) 

UA^-d* d v A u = j " . 
Because of their invariance under gauge transformations, 

A" (x, t) -)> A" (x, t) + 9^0(x,t),V0(x,t), (40) 

equations (1391 admit a vast number of solutions; all vector potentials that are related to a given 
solution by a transformation as in (1401) satisfy the same equations and are equally suited to describe 
a given physical configuration. In particular, equations (l39l) cannot be formulated in terms of 
canonical variables, since a solution can be changed into a different one by means of a gauge 
transformation not affecting the Cauchy data. 

The set of solutions can be restricted by means of an auxiliary condition, the procedure being 
known as the choice of a gauge; for such a restriction not to lead to a loss of physical generality, 
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the requirement on the constraint is made that a vector potential that fulfills it can be obtained from 
an arbitrary one, by means of a gauge transformation. 

An important property is that the solutions cannot be local, because of Gauss' law; this can be 
easily seen for example in the Coulomb gauge. The starting point for the canonical quantization 
is the formulation of classical electrodynamics in a local and covariant gauge; a gauge of this 
kind is singled out by the addition of a term to the Maxwell lagrangian, which, by weakening the 
Gauss law, allows for the existence of four- vector potentials obeying covariant field equations. In 
particular, the Feynman gauge is characterized by the equations of motion 

□ A"(x, t) = j"(x, t) (41) 

and by the subsidiary condition 

d " (d ■ A) (x, t) = . (42) 

The idea is that in principle it might be simpler to solve the hyperbolic dynamics given by (|4"TT) 
and to deal with non locality at a later stage, when imposing the Gauss constraint, rather than to 
have to face directly the dynamical problem d39l) . involving non-local fields. The relevant point to 
specify is how condition (1421) has to be imposed in order to allow to employ local solutions in the 
construction of potentials obeying Maxwell's equations. A solution of equation (I4TT) will be called 
physical if it also satisfies (1421) . 

The strategy at the basis of the Gupta-Bleuler formulation consists in first evaluating local 
solutions of (I4TT) . without constraints, and then in acting on them with suitable transformations in 
order to obtain solutions of (l39l) . Starting from a given A ^ solving (|4TI) . one can obtain physical 
four- vector potentials A * f by means of the transformation 

Ajf{x, t) = Af!(x, t) + C M (x, t), (43) 

C being any free field whose four-divergence satisfies 

(0" C7„)(x,f) = -(S'MjfMx.O- (44) 

In classical electrodynamics the behaviour at space-like infinity implied by Maxwell's equations 
can thus be restored with the help of a free field, hence without changing the charge-current distri- 
bution. As discussed before, the support of C cannot be localized in a bounded space-time region. 
The above formulae also show that an assigned configuration of A M at space-like infinity, de- 
scribed by a field C obeying (|44l) . is compatible with a class of solutions of the wave equation, 
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differing by a divergence-less free field; this is related to the fact that the FGB formulation is 
invariant with respect to a residual group of local gauge transformations. 

A convenient procedure to determine a physical solution with given space-like asymptotics 
is to consider Aq = A^.\ among the solutions of the wave equation. One can then obtain 
a vector potential A M solving the Maxwell equations for given Cauchy data, by means of the 
transformation (1431). with C ^ = C ^ fulfilling 

(d» C^)(x,t) = ~(d" 4 J ))(x,t). (45) 
The Cauchy data of A M determine C and viceversa: 

C7('>(x, f = 0) = Af(x,t = 0), 



6l j) (x, t = 0) = i^(x, t = 



(46) 



For instance, one gets the Coulomb solution 

A (x, t) = AM (x, + C^-)(x, t) , (47) 

with C ( CouL ^ obeying the free wave equation with initial data 

Ci CouL) (x, t = 0) = / d'y -i r j (y, t = 0), (48) 



4 7r | x — y 

C ( CouL) (x, t = 0) ee 0, (49) 

^(Caul.) t = Q) = q = ^ (Coul.) t = Q S (5Q) 



As a matter of fact, equation (1501) also implies 

C (Oou, ° (x,i = 0) = -(flMW))(x,i = 0)=0 I (51) 

while (1481 follows by 

(0 O 9 -A^) (x, t = 0) = UA[ j) (x, t = 0) = j (x, t = 0) . 

We can now discuss the features of the solutions of the classical system governed by equations 
(I4TT) . (1421) . corresponding to the charge-current density 

j£(x, t) = e v" 5(x - vt) . (52) 
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A state of the system is determined by the Cauchy data for the four-vector potential and by the 
value of the velocity of the charge. The states can be arranged into classes according to their 
space-like asymptotics; a state is assigned to the class ^ c , labeled by a time-like four-vector 
c LW , if its initial data (satisfying the Gauss law constraint) can be written as 

A"(x, t = 0) = A^(x, t = 0) + 0"(x, t = 0) , 

(53) 

A" (x, t = 0) = A^x, f = 0) + j"(x,f = 0). 

In d53]) A ( x , t = ) , A » ( x , t = ) are the Cauchy data for the Lienard-Wiechert 
solution of equations (14Tb . (|42b . with a constant velocity v = c LW in (|52b . and the second term 
on the right-hand side is a contribution with space-like infinity behaviour given by 

d» g v (x, t = 0) - d v ^(x, t = 0) ~ o(x" 2 ). (54) 

Each four-vector potential belonging to c rf c and solving equations (HTI) . (l42l) for a velocity 
v (v/c w ) can be written as 

A"(x,t) = A^ w) „(x, t) + AC(x, t), (55) 

with A £ the L solution of eqs. (|4TI) . (|42l) for a current given by (|52|) and A % j „ a free 
four- vector potential. The corresponding free electromagnetic field 

Ff" „(x,0=9 M ^c ,(x,0-^^c ,(x,t) (56) 

satisfies the Maxwell equations, depends both on v and on c LW and for each t has a non- 
compact support in position space, extending to space-like infinity; precisely, it decays as x ~ 2 . 
This field is therefore present in all states belonging to the class ^ c LW i except for v = c L w . Its 
functional dependence stems from the fact that by definition it must restore the Cauchy data for a 
state in ^ ' , since the initial conditions relative to A ff, in (1551) belong to a different class. 

The classes introduced for the classical system correspond to superselection sectors in the quan- 
tum theory. In particular, all the states of the class ^ c share the same space-like asymptotics, 
governed by the Lienard-Wiechert parameter c , and the representations of the observable algebra 
defined by states belonging to different classes are inequivalent, since the electric flux at space-like 
infinity takes a different value in each class and by locality cannot be modified by the application 
of observables. 
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Furthermore, as we shall see better below, the functional dependence of the classical radiation field 
F v corresponds to a non-Fock representation for the asymptotic electromagnetic algebra of 
the quantum system, if v is interpreted as the asymptotic velocity of the charge. These arguments 



have been developed in the lectures on the infrared problem of Ref. 



24 and have also been taken 



as a guide for non-relativistic QED in Ref. 
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We can now take in consideration the quantum case. In the GB quantization, physical states 
are singled out by the auxiliary condition 

(d ■ A) <-) V = • (57) 

Since in the FGB gauge d ■ A is a free field, its decomposition in negative and positive frequen- 
cies components is well defined. 

For charged states, the existence of solutions of equation (1571) in the Gupta-Bleuler space 
£f of local states, constructed with the aid of the local gauge fields, is excluded by the Gauss 
law and their construction involves a non-local procedure, which is far from trivial, as noted by 
Zwanziger 26 . Such a construction substantially requires to appropriately implement conditions 
(|43T) . (|44l) . Actually, since locality of the charged fields is incompatible with positivity, the metric 
of is indefinite; therefore, the construction of physical charged states cannot rely on a comple- 
tion of 3f based on a standard Hilbert closure. 

The discussion of main features of the GB formulation in classical electrodynamics, presented 
and the analysis carried out in the previous Section suggest how to proceed to construct physical 
charged states in the BN model. 

The functionals corresponding to vectors of the space (1231) . and in particular those of the form 
co G = to ^ £g> co F , are positive on £^ obs . In order to construct physical charged states, we 
introduce the automorphism of £^ ohs defined by 

a (x) = x , a (v) — v , (58) 

a(F^(x, t)) = F""(x, t) + e G^(x, t; y) , (59) 
(0„ G" v ) (x, t; y) = d v {d ■ F) (x, t; y) . (60) 

The term on the r.h.s. of (1601) involves the four-divergence of the (operator-valued) four-vector 
function F £ , given by eq.(fT3l). and y is the position operator of the charged particle. By equa- 
tions (|59l ), (1601) and by the definition of /C , we conclude that the functional co ± , with expectations 
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given by 

^ (<&J = ^ (« «bs)) = (0, «(<&J 0) , (61) 
is a physical charged state, V G /C . 

The classification of such states is most easily done by employing the formulation in terms of 
quantum vector potentials. The automorphism (l59l) . ((601) is induced by the transformation 



A» (x, t) = A» (x, t) + e C" (x, t ; y) , (62) 

with C M a multiplication operator in the particle space, obeying a free dynamics in the variables 
x , t and with four-divergence fulfilling 

(d ■ C) (x, t;y) = -(d ■ F) (x, t;y). (63) 

In analogy with the classical theory, the Coulomb solution can be obtained by solving (1631) with 
the (operatorial) conditions C i ( x , t = ; y ) = = C' i (x,< = 0; y ) . By means of the 
transformation 

i£ ou ,(x, = A"(x, + C^,(x, t; y), (64) 
with (by also employing eq.fiTI)) 

C» Coul .(x,t;y) = [ d 3 z p(|x-y-z|) 4^frr * M °, (65) 



4 7T Z 



one defines 

u C(mL (A»(x, t)) = WcfA^lx, 0)- (66) 

By employing the co variance of (1631) . which holds apart from the ultraviolet cutoff, we can con- 
struct physical charged states with L W space-like asymptotics; with the aid of the transformation 

i^(x, t) = A"(x, + C c ^(x, f; y), (67) 
x,t;y)=y c? 4 ^ p (|x - y - A, 



fx, t ; y) = / d 4 ^ p f |x - y - A,^ z\) S((A Clw z 



A 1 



4vr [(c iHr .*) a -c£ w **] 1/a > 
one obtains physical charged states labeled by the time-like Lienard-Wiechert four-vector c LW : 

u LW (A»(x,t)) = u, G (I^(x, 0). (69) 
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Such states, which will be referred to in the sequel as Lienard-Wiechert states, are constructed via 
an automorphism which amounts to a shift of the contribution from the hyperbolic dynamics by a 
non-local solution of the free wave equation, in analogy with the classical theory. The field (1681) 
obeys indeed a free evolution, because it is the convolution with (the Lorentz-transformed of) a 
(Coulomb) field obeying a free wave equation. 

It is interesting to point out that, although they are not obtained from vectors of £f through 
a limiting procedure, the states (1691) are nevertheless quite linked to the indefinite-metric space, 
since their expectations on the subalgebras s$ ( O , ) and srf ( O _ ) equal those of u G . Such a 
property of the L W states ultimately relies on the existence of solutions of the free wave equation 
with support in O ' . 

Now we wish to analyze how states with L W asymptotics can be constructed by means of 
a procedure employing the asymptotic electromagnetic fields. Let us introduce the operators (for 
definiteness, we consider the out vector potential, the treatment for the in field being analogous, 
with obvious changes) 

U R (C) = exp(-*e J d 3 x ^(x.i) % C flfM (x-y,f) = 

= lim exp ( - i e / d 3 x A ( x , t ) C R u ( x - y , t ) , (70) 

f — > + oo J ' ^ 

where C R is obtained by regularizing the field C , introduced in (|62|) . ([63]) and acting as a multi- 
plication operator in the charged particle space, as follows 

C£(x - y, t) = C"(x- y, t) XR (x-y), (71) 

Xh(*0 = X(^), R > 0, (72) 

with x a smooth function with compact support. The functions (1721) serve to cope with the infrared 
divergences of the smeared field caused by the long-range Coulomb tail of the test functions, which 
must necessarily be present for the Gauss law to be fulfilled. 

With the aid of those operators, one can introduce a one-parameter group of automorphisms of 

j^J" out 

a R (D)= U R X {C) D U R (C) , D e J? out , (73) 
induced by the transformation 

U R \C) ^(x, U R {C) = AL(x, t) + e C^x-y, t) , (74) 
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and by the corresponding one on the time-derivative of the four- vector potential. In particular, one 
has 



a R ((d- A) (x, t)) = (d ■ A) (x, t) + e (d ■ C R ) (x, t) . (75) 
The functionals defined on & out as 

"i, >R (D) = (U r tP, D U r ^), i> e K, D e ^ °"\ (76) 
are positive, since 

u^ R (D*D) = ( U R ifj , D * D U R ip ) — ( -0 , a R (D* D) ip ) 

= to ^ (a R (D* D )) > 0. 

Concerning the removal of the infrared cutoff, one needs to specify a notion of convergence. 
Let a ( D ) = lim fl + oo a R ( D ) ; the infrared cutoff can then be removed in the expectations 
of asymptotic observables, yielding 

uj^(D) = lim u^ R (D) = u^(a(D)). (77) 

The limiting functionals are positive, 

(D*D)= Hm w^ tJi (D*D) > 0, (78) 

and are physical states, since, by (1751) . (1631) and the definition of K , 

A)(x, 0) = lim w^(a a ((a.i4)(x,0))= 0. (79) 

A relevant property of Dirac-type factors as (|70l) is that by Huyghens' principle they preserve 
the expectations of e.m. observables within forward and backward lightcones, since they are ob- 
tained as (suitably regularized) time limits of the interacting four-vector potential, smeared with 
solutions of the free wave equation. It would be of interest to investigate whether the use of such 
exponentials, which can be regarded as alternative with respect to the approach based on the con- 
struction of Dirac-type exponentials by means of interacting gauge fields 1516 , may be successfully 
extended to QED . 

In the sequel we show that the L W charged states, which belong to superselection sectors 
labeled by different values of c LW , can be arranged in a charge class, a concept introduced by 
Buchholz 3 in a general analysis of the state space of Quantum Electrodynamics. 
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We recall that positive energy representations of the observable algebra, with given electric 
charge, factorial in a forward lightcone V + and possibly belonging to different superselection 
sectors, are assigned to the same charge class if their restrictions to V + are equivalent. 

This concept is physically motivated by the kinematic consideration that since electrically 
charged particle are massive they have to eventually enter any forward lightcone and thus it should 
be possible to determine the total charge of a state by measurements performed in such a region. 
In this way one should be able to distinguish the electric charge among the superselection rules 
in QED , since, due to the possible presence of photons coming from asymptotic negative times, 
measurements in a forward lightcone are not enough to determine the value of the electric flux at 
space-like infinity in a given representation; each charge class should then contain superselection 
sectors with a given electric charge but different flux-distributions. 

Buchholz showed that given an irreducible positive energy representation n of the observ- 
able algebra in a Hilbert space , the restrictions to the subalgebras & out ( V , ) of the rep- 
resentations belonging to [ir] are equivalent; therefore, the sectors in a charge class cannot be 
distinguished by measurements of the outgoing electromagnetic fields in the forward lightcone. 

He also proved that by adding an arbitrary number of low-energy photons to a given ^ e Jt? 
one can construct a state, with finite energy and the same charge, inducing a representation of 
& out ( V, ) inequivalent to n ( & out ( V + ) ) and thus corresponding to a different charge class. 
Therefore, charge classes are in general characterized not only by the total electric charge of their 
states, but also by the presence of background radiation fields. A criterion of infrared minimality 
can be introduced, by demanding that it selects the charge classes whose superselection sectors 
have the best possible localization properties with respect to the vacuum, that is, they do not have 
any background radiation field. Such sectors are expected to be a convenient set for a systematic 
analysis of the infrared problem. 

We shall now discuss the space-time properties of the L W physical charged states of the 
model. First, such states coincide on srf ( O + ) , since the free field C M has support in O 
and are given by w G , which is positive and satisfies the auxiliary condition in O + ; product 
functionals defined within the GB formulation identify therefore a unique charge class. Sec- 
ondly, equations (1671) . (1681) imply that the L W states induce Fock representations of the subalge- 
bras & out ( O , ) and & out ( O _ ) ; this gives the simplest result for the indetermination left by 
Buchholz's treatment for the representations of & as ( O , ) and & as ( O _ ) . 

The Gupta-Bleuler charge class can thus be identified as the charge class containing all repre- 
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sentations n of the algebra of observables whose restrictions to & out ( O + ) and & out ( O _ ) 
are Fock. Since this result can be seen as a consequence of the locality of the gauge fields and 
of the support properties of the automorphism on the asymptotic electromagnetic algebras, one 
expects that it might also hold in the corresponding formulation of QED . 

It is worthwhile to remark that the condition on & out ( O + ) agrees with the above-mentioned 
result that the representations of the outgoing electromagnetic field in a charge class cannot be 
distinguished by measurements in the forward lightcone. The Fock property of n ( & out ( O + ) ) 
also implies that the GB charge class is infrared minimal in the sense described above, namely, 
it does not contain background radiation fields but only the field associated to the asymptotic 
momentum of the charge. 

We also point out that the condition on out ( O _ ) is due to the fact that the L W states 
have been constructed with the aid of a free field with expectations having support in O and 
therefore enjoy at least some of the locality properties holding in models of field theories with 
massless bosons and standard charges. 

We conclude the paper with a discussion concerning the question of how the model should be 
improved in order to account for a proper description of electrically charged particle at large times 
and of fermion-loop effects. 

Concerning the first issue, the algebraic theory provides the following general framework. The 
elements of the algebra M out of the observables describing the (charged) massive particles at 
positive asymptotic times (and therefore associated to the intersection of all forward lightcones) 
are compatible with the observables of & out , owing to Huyghens' principle. Such a property 
should hold in particular for the asymptotic four-velocity of the charge, which it is expected to 
belong to the center of & out , namely to index inequivalent representations of this algebra, as it 
happens in the BN model. 

Under this assumption, the representation of the algebra of all outgoing observables srf out can 
be reduced with respect to the asymptotic momenta of the charges and cannot therefore provide 
a complete characterization of the physical system. This is related to the fact that an observ- 
able describing the asymptotic position of a particle carrying an electric charge cannot exist, if 
it is requested to eventually enter any forward lightcone; in fact, by kinematical reasons such 
an observable would necessarily belong to & out ' and thereby commute with the corresponding 
asymptotic momentum. 

Buchholz suggested that a collision theory employing a complete set of variables for the out- 
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going charged particles may be achieved if one considers observables contained in a. fixed forward 
lightcone. These considerations agree with the conjecture that it may be possible to completely 
determine a scattering matrix by considering a modified asymptotic dynamics for the charges, 
allowing for the construction of an asymptotic position variable, along the lines of Dollard's treat- 
ment of Coulomb scattering 27 . In fact, the dynamics of the position variable at large (positive) 
times has to account for the effects of the interaction with photons, which are not described by the 
observables belonging to the intersection of all (forward) lightcones. 

Concerning the fermion-loop effects, a general theorem states 16 that for any subalgebra C 
of local observables, stable under translations and irreducible in the vacuum sector, the quantum 
corrections cannot vanish for all elements of C ; in particular, it seems to indicate that, as conse- 
quence of the derealization caused by vacuum polarization effects, there cannot exist electrically 
charged states which are local with respect to the charge-current density. 

As discussed before, in the BN model the behaviour at space-like infinity implied by 
Maxwell's equations can be restored with the help of a free field, hence without changing the 
charge-current distribution; the so-obtained L W states are thus local with respect to the charge- 
current density. Of course, this property is not in contradiction with the above-mentioned theorem, 
since the model does not account for loops of fermions, but the point is that the same feature seems 
to be necessarily implied by locality also in QED , for physical charged states constructed within 
the GB formulation 28 . However, since well-known results from the standard diagrammatic ex- 
pansion imply that contributions from fermion loops should vanish for asymptotic times, the 
relevance of the theorem for electrically charged states constructed with the aid of asymptotic 
fields is unclear. This problem certainly deserves further study. 
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